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Abstract 
Forming openings in the web of steel beam gives rise not only to strength problem but also stiffness problem, that is, 
the deflection of beam may be too large to meet the requirements. However to calculate the deflection it is faced that 
the region of web opening is three times statically indeterminate, which makes the deflection calculation of perforated 
beams extremely complicated. In order to avoid solving the redundant forces and obtain applicable formulas for 
determining deflection of perforated beam the author of this paper have derived applicable formulas by direct solving 
differential equations and solving differential equations combined by using displacement method. Results from these 
formulas are compared with those form finite element method and show a good agreement and high precision 
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1. Introduction 
Openings are frequently formed in the webs of steel beams to permit passage of servers. However this 
has the effect of reducing flexural stiffness and increasing of vertical displacement significantly in the 
region of web openings. Most of the existing researches focused on the problem of strength of perforated 
beams. In addition to meeting requirements of strength the requirements of deflection not being to large 
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must be also met for perforated beam. Therefore calculation of the deflection of the perforated beams can 
not be avoided in the design work.  
Due to the opening in web secondary moments will be caused in the upper and lower T-section, which 
gives rise to significant deflection at the opening. The question is how to solve the problem of statically 
indeterminate in the region of web opening when calculating deflection over there. Calculating deflection 
according to traditional method, the redundant forces must be first solved, which will make the calculation 
extremely complicated.  
Dougherty [1] had derived some analytical formulas to calculate deflection of beams with web opening, 
but some of assumptions from him are not quite matched with the actual situation from experimental 
observation, in addition the formulas were not verified. Currently it has not been seen that a practical and 
reliable method of calculation and formulas are reported. Therefore two methods in this paper are adopted 
to derive analytical formulas for calculation of defalcation. These formulas are then verified by solution 
from method of finite element. 
2. Method 1 (direct solving differential equations˅ 
The internal force function (moment function) must be known while establishing of differential 
equations of deflection. In the region of I-section (unperforated) the moment function can be directly 
obtained by using equilibrium conditions, but the region of T-section (perforated) is three times statically 
indeterminate, there are redundant forces to be solved. It based upon the following assumptions to avoid 
solving these forces and simplify calculation: 
1. In the region of web opening bending moment consists of primary and secondary bending moments, 
which are caused by normal forces and vertical shear forces respectively. The point of contra-flexure 
locates at the midpoint of short local upper and lower beam. 
2. In determining the deflection the effect of the secondary bending moments is taken into account, while 
the effect of the primary bending moments and shear forces are neglected. 
3. Only elastic property of the beam is considered 
Fig.1 shows that the perforated I-beam is statically determined viewing from the whole and three times 
statically undetermined from the local point of view, this means that local internal forces, for example, tN , 
1sM  and tQ  are redundant forces.  
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Fig. 1 local and global internal forces of the perforated I-beam  
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Using assumption 1 the opening may become static determinate, and the secondary bending moments 
there can be directly calculated by using equilibrium conditions without redundant forces to be solved. 
After the bending moments becoming known the differential equation can be completely defined, this 
means that differential equation )()( xMxyEI  cc  is established. By integrating differential equations and 
using boundary conditions, deflection functions can be solved for each part of the beam, where EI  is used 
for the I-section in the region out of the opening, sEI for T-section in the region of the opening, and sEI  is 
sum of the flexural rigidities of the upper and lower T-sections, that is bts EIEIEI   
Table 1. Deflection functions of Method 1 
Load cases Deflection Functions 
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Load cases Deflection Functions 
 
Functions of bending moments˖ 
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Clearly, the formulas in Table 1 seem to be rather lengthy, it may be inconvenience for the practical 
application. In order to get more concise formulas some of the assumptions of method 1 cab be modified, 
and then new simpler formulas may be derived. 
3. Method 2˄solving differential equations combined by using displacement method˅ 
Through observation of results from experiments and calculations by finite element method it is found 
that at each end of the T-beams (the short local upper and lower beam) counterclockwise rotations and 
relative vertical displacement occurred (see Fig.2), Based on this features some new assumptions can be 
made for new derivations. The unknowns of the rotations and the vertical displacement can be then solved 
by using displacement method, so as to achieve the purpose of simplifying the formula. The following 
assumptions are needed for derivation of formulas: 
1˅ In the region of web opening bending moment consists of primary and secondary bending moment, 
which is caused by normal forces and shear forces respectively. The point of contra-flexure locates at 
the midpoint of T-beams (the short local upper and lower beam). 
2˅ At each end of the T-beam counter-clockwise rotation occurred, which caused rigid body rotations of I-
beam in the regions beyond opening on the left and right.  
3˅ In determining the deflection the effect of primary and secondary bending moments is taken into 
account, while the effect of shear forces are neglected. 
4˅ Only elastic property of the beam is considered 
Summing the effects of the primary and secondary bending moments, total deflections of the beam is 
sp yyy  , in which p
y
and sy are the deflections caused by primary and secondary bending moments 
respectively. 
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Fig.2. vertical deflection caused by primary and secondary bending moments 
When calculating the deflection caused by the primary moment, the beam can be treated as the I-beam 
along the entire length of the beam, the rigidity of the I-beam is EI . Deflection function under concentrated 
loads P and distributed load q can be easily obtained respectively as fallows:  
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When calculating the deflection caused by the secondary moment, the upper and lower T-beam can be 
combined into a small one regarded as fixed-end of span l .supported by the I-beam at each end of the 
opening. The rigidity of combined beam is sum of rigidities of both T-sections, that is, bts EIEIEI  .  
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Fig. 3 Secondary bending moments, shear forces and rotations at each ends of the combined T-beam 
According to displacement method the relationship of bending moments to rotations and relative vertical 
displacement can be established in eqs.2. For derivation the usual sign convention in the mechanics of 
materials is adopted, and those bending moments or rotations are positive, which make the bottom fiber of 
beam in tension.  
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When the point of contra-flexure locates at the midpoint of short upper and lower beam, therefore 
21 MM  
. 
Considering the equilibrium on the combined T-beam in fig. 3 we have 
021   QlMM  (3) 
The relationship between 1T , 1T '  and Q  is found by considering Eqs.2 and Eqs.3  
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A relationship among 1T , 1T  and '  can be established by considering the vertical deflection of point 1 and 
2 in Fig. 3  
'TT   21 ba  (5) 
Using assumption 2 the secondary bending moments can be directly calculated 
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Substituting 1M  of Eqs.6 in Eqs.2 gives 
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Now there are three unknowns ( 1T , 2T  and ' ) and three equations (eqs.4, 5 and 7). These unknowns can 
be evaluated by solving Eqs. 4, 5 and 7 simultaneously. 
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After 1T  and 2T  become known, the vertical displacement caused by the rotation of rigid body can be 
completely determined. But the vertical displacement of the T-beam keeps unknown, to evaluate these we 
need to establish differential equation of T-beam and solve it.  
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In which 1x  is the argument in local coordinate system with point 1 as the orange. Constants 1C  and 2C  
can be evaluated by considering the boundary conditions. 
When 11 ,0 T c syx ; 11 TsEIC   
When 11 ,0 Tayx s   ; 11 TaEIC s  
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Substituting the value of 1C , 2C  and 1M  in Eqs.9 and replacing 1x of local coordinate system by 
axx  1 of global coordinate system the required deflection function caused by secondary bending 
moments can be expressed as follows   
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Where Q  is shear force at left end of the T-beam, in the case of concentrated and distributed load we have 
2/PQ   and )2/( aLqQ  , respectively. 
 
 
Table 1˖Deflection functions of Method 2  
Types of load Analytical solutions of structural mechanics 
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Obviously, the formulas in Table 2 are much simpler than that in Table 1, which may be convenient for 
practical application. 
4. Verification by calculation of finite element method 
In order to verify the accuracy of the previous two analytical methods a steel perforated I-beam will be 
calculated by using the finite element program ANSYS. The perforated I-beam and its section are shown in 
fig. 4. Element type solid45, plane42 and shell43 are used by modeling for flange, web and stiffener at the 
points of supports and concentrated load, respectively. 
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Fig.4  simply supported I-beam with a web opening and its perforated section 
 
Results form three methods under concentrated or distributed loads are all together shown in fig. 5 for 
comparison. 
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Fig.5 Deflections of method 1 and 2 and finite element method 
Clearly, the results of the two analytic methods show a good agreement with that of the finite element 
method not only in the perforated region but also in the unperforated region. Therefore the solutions of two 
analytical methods are verified. Their formulas may be used for practical application. 
5. Conclusions 
Two analytical methods are presented for determining the elastic deflection of I-beam containing a large 
rectangular web opening. Through comparison of the deflections of the analytical methods with the method 
of finite element the following can be obtained:  
1˅ By assuming the point of contra-flexure at the middle point of the upper and lower beam, the 
secondary bending moments can be direct calculated without solving redundant forces. This simplified 
approach is feasible. 
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2˅ Secondary bending moments have a great effect on the deflections, particularly in the region of 
opening, where the vertical displacement is very large, even negative deflection occurred beside 
opening on the left.   
3˅ The effect of primary bending moment is small; its contribution to the deflections was neglected in 
method 1 and considered in method 2, and this shows only little difference on their deflections.  
Currently there are no reliable analytical formulas to calculate deflection of composite beam with web 
openings, to fill this gap two methods developed in this paper may create a good base. 
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